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Prototype Lagrangian of minisuperspace
models of Einstein Gravity

L =
1

2N
Gαβ(q) q̇α q̇β − N V (q) (1)

qα(x) , α = 1, ...,n

x may either play the role of time, in Cosmological Geometries,
or of the radial coordinate in Point-like metrics

Pα =
∂L
∂q̇α

=
1
N

Gαβ q̇β PN ≈ 0 (Primary Constraint)
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H = Pγ q̇γ − L = N
(

1
2

Gαβ(q) Pα Pβ + V (q)

)
= N X (2)

ṖN := {PN ,H} ≈ 0⇒ X :=
1
2

Gαβ(q) Pα Pβ + V (q) ≈ 0

( X Secondary Constraint)

{PN ,X} ≈ 0⇒ PN ,X First Class Constraints
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Conditional Symmetries

LξX = φ(q)X (3)

LξGαβ = φGαβ LξV = φV (4)

ξ remain form invariant under a scaling

Gαβ → ω(q)Gαβ , V → ω(q)V

Lξ
(
ωGαβ

)
= ωLξGαβ + GαβLξω =

(
φ+ ξα

ω,α
ω

)
ωGαβ

Lξ (ωV ) = ωLξV + V Lξω =
(
φ+ ξα

ω,α
ω

)
ωV

QI := ξαI Pα ⇒
conserved quantities
{ξαI Pα,H} ≈ 0

I = 1, ...,m (≤ n(n + 1)

2
)

on mass shell QI := ξαI Pα = κI = constant

{QI ,QJ} = CL
IJQL
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Quantization : Schrödinger picture

P̂NΨ := −i
∂

∂N
Ψ = 0⇒ Ψ(q)

X̂Ψ = 0⇒
[
− 1

2µ
∂α(µGαβ∂β) + V (q)

]
Ψ = 0

natural measure µ =
√
|det Gαβ|

(Q̂I − κI)Ψ = 0

Q̂IΨ ≡ −
i

2µ
(µ ξαI ∂α + ∂αµξ

α
I ) Ψ

T. Christodoulakis,, Th. Grammenos,, N. Dimakis,, G. Doulis,, E. Melas,, Petros A. TerzisCanonical Quantization 6/ 12



General Considerations
Specific Example: The Schwarzschild metric

The consistency requirements [Q̂I − κI , Q̂J − κJ ]Ψ = 0 imply the
selection rule

i CM
IJ κM −

1
2

(
LξI∇ · ξJ − LξJ∇ · ξI + CM

IJ ∇ · ξM

)
= 0

maximal Abelian subgroup + Casimir invariants
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Specific Example : Schwarzschild metric

ds2 = −a(r)2dt2 + N(r)2dr2 + b(r)2
(

dθ2 + sin2θ dφ2
)

(5)

L =
2a
N

ḃ2 +
4b
N

ȧḃ + 2aN (6)

valid Lagrangian: E-L equations⇔ Gµν = 0

H = N
(
− a

8b2 P2
a +

1
4b

PaPb − 2a
)

(7)

X = − a
8b2 P2

a +
1

4b
PaPb − 2a ≈ 0 (8)
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QI = ξαI Pα α = a,b
Q1 = −aPa + bPb

Q2 =
1

ab
Pa

Q3 = − a
2b

Pa + Pb

{Q1,X} = X , {Q2,X} = − 1
a2b

X , {Q3,X} =
1

2b
X

{Q1,Q2} = −Q2 (9a)
{Q1,Q3} = Q3 (9b)
{Q2,Q3} = 0 (9c)
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On the Schwarzschild metric: Q1 = 4M, Q2 = 2c, Q3 = 4
c ,

M −→ essential
c −→ absorbable

From (9)⇒ {Q1,Q2Q3} = 0 ⇒ Q2Q3 Casimir Invariant

Q2Q3 = 8 Q2Q3 − 8 = 4
a X ≡ X̃

under a scaling

N → Ñ
a : Q2Q3 − 8 ≡ 4X̃ , G̃ =

√
|det G̃αβ| = 4ab

ˆ̃X := − 1

2
√

G̃
∂α

(√
G̃ G̃αβ ∂β

)
− 2

Q̂1 := −i

(
ξα1 ∂α +

1

2
√

G̃
∂α

(√
G̃ξα1

))
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Imposition of the equations

ˆ̃XΨ = 0

Q̂1Ψ = 4MΨ

leads to

Ψ = a−i4Mω(u) with u = a b
and ω solution of u2 ω′′(u) + u ω′(u) + 16 (u2 + M)ω(u) = 0
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ω(u) = Ji4M(4u)

probability ?∫
µ(a,b)ψ∗ψ dadb =

∫
uJi4M(4u)∗Ji4M(4u) du

Invariant characterization of different geometries contained in (5)

u = F (b)

Probability of the configuration b within the specific geometry F

PF =
F (b)Ji4M(4F (b))∗Ji4M(4F (b))∫

uJi4M(4u)∗Ji4M(4u) du
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