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General Considerations

Prototype Lagrangian of minisuperspace
models of Einstein Gravity

L= 5 Gus(@) & ¢° ~ N V(g) (1)

qg“(x) , a=1,.,n

x may either play the role of time, in Cosmological Geometries,
or of the radial coordinate in Point-like metrics

oL _1 Gos §° Py~ 0  (Primary Constraint)

=g =N
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General Considerations

H=P,§'—L=N (; GP(q) Py Ps + V(q)> =NX (2

_ 1
Pu={PnH} 0=  X:i=3G"(q)PaPs+V(q)~0

( X Secondary Constraint)

{Pn,X} = 0= Py, X First Class Constraints
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General Considerations

Conditional Symmetries
LeX = ¢(q)X (3)

LG =G LV =gV (4)
¢ remain form invariant under a scaling
G - w(@) G , V—w(q)V

Le (wGO‘B) = wﬁgGaﬂ + Gaﬁﬁgw = (gb + &~ %) wG*?

Le(WV)=wLleV + V Lew = (¢+ga %) wV
 a conserved quantities n(n+1)
Ql-_gl'D&:> {g?Pa,H}zo /_17 ,m (— 2 )
on mass shell Q) = &P,y = k) = constant
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General Considerations

Quantization : Schrédinger picture

P .0
PnV = —/a—N\U =0=V(q)

N 1
XV =0= —Zaa(u G*P95) + V(q)] V=0
natural measure = 1/|det Gg

(Q— k)W =0

i
> (L& O + Dapf) ¥

Qv = _2,u
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General Considerations

The consistency requirements [O, —k, Q- ky]W = 0 imply the
selection rule
. M 1 M
IClkm =5 (E&V'fJ —Le,V-&+Cy V'€M) =0
maximal Abelian subgroup + Casimir invariants
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Specific Example: The Schwarzschild metric

Specific Example : Schwarzschild metric

05% = ~a(r?df + N(r)2dr? + b(r)? (d6? + sin?9 dg?)  (5)

_2a;,  4b.
L_Wb +W ab+2aN (6)
valid Lagrangian: E-L equations < G, =0
1
= 2 + 2 7
H =N (=i P+ 1pPaPo—2a) ™
1
- _ 2 p2y PP
X = 8b2P 4bPan 2a~0 (8)
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Specific Example: The Schwarzschild metric

{Q1,X} :X7

Q=¢(Py a=a,b
1
Qz—%

a
03:—%P3+Pb

Pa

1

{Qe, X} = -2 X, {Qs, X} =

a’b
{Q,Q}=-Q
{Q1, 3} = Qs
{Q,Q3} =0

’
EX
(9a)
(9b)
(9¢)
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Specific Example: The Schwarzschild metric

On the Schwarzschild metric: Q; = 4M, Q. = 2¢, Q; = £,

M — essential
¢ — absorbable

From (9) = {Q, Q:Q3} =0 = QxQ3 Casimir Invariant
Q=8 QQ-8=%X=X

under a scaling

QQ; —8=4X, G=/|detG.s| =4ab

)ﬁ(:: 2\/7 (\FGGO‘B(%)

Oy = ({?‘8 +2\f (\751))

=
1
|2
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Specific Example: The Schwarzschild metric

Imposition of the equations
XV =0
Qv =AMV
leads to

V=g “My(u) with u=ab
and w solution of  v? W (u) 4+ uw'(u) + 16 (U2 + M)w(u) =0
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Specific Example: The Schwarzschild metric

w(U) = J,'4M(4U)
probability ?

[ uta by dadd = [ wha(du) dau(4u) o
Invariant characterization of different geometries contained in (5)
u= F(b)

Probability of the configuration b within the specific geometry F

F(b)Jiam(4F (b)) Jiam(4F (b))

Pr —
F Judiam(4u)*Jiam(4u) du
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