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Iteration stability ‐
 

Applications


 

Single, non rotating star


 

Single, rotating star


 

Binary system

Presenter
Presentation Notes
The method can be used for any of these. It can also be adapted to relativisitic stellar structure!!!!! (quasi-equilibrium BNS)
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Equations of Stellar Structure
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Equations of Stellar Structure

Poisson
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Presenter
Presentation Notes
A barotropic EOS is assumed; pressure is a function only of density.
Here h is the specific enthalpy, a functional of the density for a zero temperature EOS.
The simple algebraic equation comes from the fact that the gradient of the left hand side gives the sum of pressure, grav and centrifugal force.
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Iterative procedure (SCF method)

Poisson
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Presenter
Presentation Notes
0<n<5
Replace 1/4π with G
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Variants of the SCF method

ρρ((νν))

FixFix
κκ, , RRpp//RRee

FixFix
ρρcc, , ΩΩ

FixFix
ρρcc,,RRpp//RRee

ρρ((νν+1)+1)

FixFix
κκ, , ΩΩ ……

Presenter
Presentation Notes
For fixed omega,kappa: complete, unstable, only 1 unstable eigen.
For fixed omega, rho_central, incomplete, stable.
For fixed kappa, axis ration: still being studied
For fixed rho, axis ratio: still being studied
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Iteration with fixed k

Initial guess
(n = 1 polytrope)
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Presenter
Presentation Notes
People, back in the 1960s, used this method and saw their codes crashing quickly, as shown.
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Iteration with fixed central density

Initial guess
(n = 1 polytrope)

∞ r
R

r(r)

∞ r

∞ r

∞ r

r(r)

r(r)

r(r)

1st iteration

2nd iteration

3rd iteration
(n=3/2 polytrope)

Presenter
Presentation Notes
When they fixed central density instead of k, their codes converged quickly to a solution.
Obtaining solutions with this approach was too easy for people to wonder why the method is successful.
So the question why the method works one way but fails another has remained unanswered for almost 40 years.
The method was also successfully used for Newtonian binaries in the 80s and relativistic binaries in the 90s
but convergence was far from guaranteed.
Since binaries are among the most promising sources of GW laser interferometers, thus motivating source modeling,
interest in the convergence properties of the method has been revived.



10

Iteration Stability



 
SCF method has been used for > 40 years



 
Little is known about why it works when one quantity 

 is fixed and not another…


 
In the past, obtaining numerical solutions with SCF 

 was too easy for people to care why it worked…


 
Not the case for relativistic binaries, so understanding 

 convergence is crucial today…


 
Consider behavior of iterative scheme near an exact 

 solution

Presenter
Presentation Notes
SCF method: too easy to get solution for people to bother explaining why it works (when it does).
Today, we are faced with more challenging problems & nonlinearities (esp BNS), so understanding convergence is crucial.
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Iteration Stability
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Presenter
Presentation Notes
Approach the problem by considering the iteration to start from an initial guess that is very close to an exact solution.
We start from a linearly perturbed solution, and see if iteration brings us back to the exact solution or not.
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Iteration Stability
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Presenter
Presentation Notes
Linear operator on enthalpy!



13

Iteration Stability
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Linear iteration operator

Fixed‐k
 

iteration: 0dk =

Fixed‐η(0)
 

iteration: (0) 0dh =

Presenter
Presentation Notes
Linear operator provides a systematic way to look at the problem. Analyzing the spectrum, we can infer divergence or convergence of the method.
Write on board δh_p = L^p (δh_0)
Necessary & sufficient for linear iteration; for nonlinear it is necessary but not sufficient.�(if λ lower but close to 1, nonlinear effects might prevent convergence).
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Iteration Stability
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Linear iteration operator

Eigenvalue
 

problem
( )L dh ldh=

Necessary condition for convergence:  | | 1l <

Presenter
Presentation Notes
Linear operator provides a systematic way to look at the problem.
Analyzing the spectrum, we can infer divergence or convergence of the method. Write on board δh_p = L^p (δh_0)
Necessary & sufficient for linear iteration; for nonlinear it is necessary but not sufficient.�(if λ lower but close to 1, nonlinear effects might prevent convergence).
It would be typical to associate an instability with an eigenvalue that is larger than 1.
One hesitation in applying this is that there is no reason to think that the matrix M is hermitian – or normal. But it turns out that in the case of fixed k  iteration the matrix has a property (diagonal nonnegative times symmetric) that does guarantee a complete eigenbasis. So in the fixed k  case we can look at the eigenvalues. And what we find is that there is always a single updating eigenvalue larger than 1. 
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Iteration with fixed k
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Presenter
Presentation Notes
Discretization means our operators will amount to matrices acting on vectors.
We view an iteration as an updating of the density profile. In this discrete problem the density vector has components that are just  the density at various radial locations.  The matrix L updates those grid density values. 
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Iteration with fixed k

All eigenvalues < 1, except l1

 

≥
 

n

Presenter
Presentation Notes
This figure completely explains failure for ~all n that people tried!
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Iteration with fixed central density

Discretization
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Presenter
Presentation Notes
We view an iteration as an updating of the density&enthalpy profile.
In this discrete problem the density vector has components that are just  the density at various radial locations. 
The matrix L updates those grid density values. 
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Iteration with fixed central density

Jordan form of L
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Presenter
Presentation Notes
If the eigenvalues are distinct (easy case), non of them are repeated, then that’s a diagonalizable matrix, and the Jordan block is Λ.
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Iteration with fixed central density

Jordan form of L
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Presenter
Presentation Notes
If the eigenvalues are distinct (easy case), non of them are repeated, then that’s a diagonalizable matrix, and the Jordan block is Λ.
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Iteration with fixed central density

Jordan form of L
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Presenter
Presentation Notes
If the eigenvalues are distinct (easy case), non of them are repeated, then that’s a diagonalizable matrix, and the Jordan block is Λ.
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Iteration with fixed central density

Jordan form of L
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Presenter
Presentation Notes
If the eigenvalues are distinct (easy case), non of them are repeated, then that’s a diagonalizable matrix, and the Jordan block is Λ.
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Explanation

Fixed‐ρ0
 

linear iteration ‐
 

explanation
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Presenter
Presentation Notes
The first generalized eigenvector, the true eigenvector, corresponds to δh =/= 0 only in the outermost shell.
 In an iteration cycle, we first solve for the potential inside this outermost shell and find that the only change is that the potential is uniformly raised by a constant, δΦ.
Since the central density, and hence the central enthalpy, is kept fixed, we adjust κ in Eq. (1.14) so that δh = 0 at
the origin. But δΦ+δh is constant and δΦ is the same everywhere in the stellar interior, so δh has to be the same everywhere.
So, by setting δh to zero at the origin, we set it to zero everywhere.
Thus an initial perturbation only in the outermost shell is made to vanish in one cycle of iteration.
This is the physical picture of the mathematical fact Lcent v_(1) = 0.
The second, generalized eigenvector (v(2) ), consists of only the two outermost grid zones
having δh =/= 0. This means that all zones interior to the outermost zone will have the same change δΦ, while the
outermost zone will have a different value of δΦ. By a minor variation of the previous argument we can see that one
cycle of iteration will eliminate the density perturbation except in the outermost shell, in other words, will convert
v(2) to v(1). The extension of this viewpoint explains all the generalized eigenvectors, with v(3) having δh =/= 0 only
in the outermost three zones, and so forth.
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Explanation
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Presenter
Presentation Notes
The second, generalized eigenvector (v(2) ), consists of only the two outermost grid zones
having δh =/= 0. This means that all zones interior to the outermost zone will have the same change δΦ, while the
outermost zone will have a different value of δΦ. By a minor variation of the previous argument we can see that one
cycle of iteration will eliminate the density perturbation except in the outermost shell, in other words, will convert
v(2) to v(1). The extension of this viewpoint explains all the generalized eigenvectors, with v(3) having δh 6= 0 only
in the outermost three zones, and so forth.
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Einstein constraints

Accurate calculation of physically relevant initial data 
 corresponding to a system of black holes and/or 

 neutron stars
 

is an essential part of binary inspiral
 simulations. 

In the 3+1
 

formalism,
 

Einstein’s
 

equations are solved as a 
 Cauchy‐problem with

 
initial data prescribed on a 

 spacelike hypersurface. These initial data must satisfy 
 the constraint equations. However, iterative 

 algorithms for solving these equations may diverge, or 
 may converge to an unphysical solution…

Presenter
Presentation Notes
The highly accurate calculation of physically relevant initial data corresponding to a binary system composed of black holes and/or neutron stars is an essential contribution to the projects B5, B6 and B7 in which the orbital motion of binaries is to be computed. In the `3+1'-splitting of space and time, the Einstein equations are solved as a Cauchy-problem in which initial data have to be prescribed on a space-like hypersurface. These initial data are not completely free but need to satisfy the so-called constraint equations. However, these equations do not determine the data uniquely. As a consequence, a given initial data set obeying the constraints may possess unphysical properties 
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Euler –
 

XCTS system
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Euler –
 

XCTS system
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Hamiltonian constraint

Similar to updating of Newtonian enthalpy for fixed κ

Newtonian experience suggests eigenvalues
 

> 1,
 but        has compact support 

Euler –
 

XCTS system
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Hamiltonian constraint

Similar to updating of Newtonian enthalpy for fixed κ

Newtonian experience suggests eigenvalues
 

> 1,
 but        has compact support

Euler –
 

XCTS system
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Hamiltonian constraint: iteration stability

2 51
2

 Y = - Y 

Presenter
Presentation Notes
If λ>1, solution will diverge, or will converge to another solution (non TOV),�since we know uniqueness is lost in dense configurations for this scheme…
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Hamiltonian constraint: iteration stability
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Turning point stability
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Iteration Stability

Newtonian problem (completed):
R.H. Price, C. Markakis, J.L. Friedman
Iteration stability for simple Newtonian stellar systems
J. Math. Phys. 50, 073505 (2009)

Relativistic problem (in progress):
C. Markakis

 
et al

Einstein constraints & fluid equilibria: optimizing convergence & stability 
of the extended conformal thin‐sandwich system

‐
 

Study effect of rescaling source terms on stability
‐

 
Analyze full Euler‐XCTS system
‐

 
Convergence optimization
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