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Hydrodynamics
I State Variables of Hydro Flows: T (xν), µ(xν),uµ(xν)

I Thermodynamics dP = sdT + ρdµ , ε+ P = sT + µρ

I Relativistic Hydrodynamics: Conservation Laws

∇µTµν = F νρJρ , ∇µJµ = 0

I Constitutive Relations:

Tµν = εuµuν + P(uµuν + gµν) + πµν , Jµ = ρuµ + νµ

I Out of Equilibrium → Derivative Expansion

I Local form of the 2nd Law of thermodynamics:
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Entropy Current Construction I
I Goal : Construct most general dissipative corrections to O(∂1)

allowing for parity breaking

I A complete basis of 1-derivative terms [hep-th/1112.4498]

I External magnetic field and vorticity at O(∂1)

B = − 1
2ε

µνρuµFνρ , Ω = −εµνρuµ∇νuρ

I Parity Even: Conductivity σ , Viscosities η, ζ , and χE , χT

I Parity Odd: Hall Viscosity ηH , P-odd conductivity σ̃ , Four
thermodynamic response parameters χ̃E , χ̃T , χ̃B, χ̃Ω
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Entropy Current Construction II
I Local Form of Second Law of Thermodynamics

Jµ
s = suµ +O(∂) s.t . ∇µJµ

s ≥ 0

I Unrestricted coefficients:

(η, ζ, σ) ≥ 0 , (σ̃, ηH) ∈ R , χE = χT = 0

I Thermodynamic Response Parameters:

MagnetizationsMB(µ,T ),MΩ(µ,T )
I N.B. Coupling to curved backgrounds crucial: #uµuνRµν

I Open Point: Lack of a derivation ofMΩ = dP
dΩ
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Euclidean Generating Functional I [1203.3556, 1203.3544]

I χ̃B, χ̃E , χ̃T , χ̃Ω are equilibrium properties

I For systems with finite static correlation length we can truncate
momentum space correlators at a fixed number of momenta.
⇒ Local Generating Functional in derivative expansion

I Stationary background fields (w.r.t. Killing vector Vµ) with small
spatial variations generate the response needed to measure the
thermodynamic response parameters .
⇒ Classify all O(∂n) scalars sn compatible with

LV (T , µ,uµ,gµν ,Aµ) = 0

These are the non-dissipative thermal response parameters .

I For parity violating (2+1)D hydrodynamics , there are
At O(∂0): T and µ At O(∂1): B and Ω

I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]



Euclidean Generating Functional I [1203.3556, 1203.3544]

I χ̃B, χ̃E , χ̃T , χ̃Ω are equilibrium properties

I For systems with finite static correlation length we can truncate
momentum space correlators at a fixed number of momenta.
⇒ Local Generating Functional in derivative expansion

I Stationary background fields (w.r.t. Killing vector Vµ) with small
spatial variations generate the response needed to measure the
thermodynamic response parameters .
⇒ Classify all O(∂n) scalars sn compatible with

LV (T , µ,uµ,gµν ,Aµ) = 0

These are the non-dissipative thermal response parameters .

I For parity violating (2+1)D hydrodynamics , there are
At O(∂0): T and µ At O(∂1): B and Ω

I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]



Euclidean Generating Functional I [1203.3556, 1203.3544]

I χ̃B, χ̃E , χ̃T , χ̃Ω are equilibrium properties

I For systems with finite static correlation length we can truncate
momentum space correlators at a fixed number of momenta.
⇒ Local Generating Functional in derivative expansion

I Stationary background fields (w.r.t. Killing vector Vµ) with small
spatial variations generate the response needed to measure the
thermodynamic response parameters .
⇒ Classify all O(∂n) scalars sn compatible with

LV (T , µ,uµ,gµν ,Aµ) = 0

These are the non-dissipative thermal response parameters .

I For parity violating (2+1)D hydrodynamics , there are
At O(∂0): T and µ At O(∂1): B and Ω

I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]



Euclidean Generating Functional I [1203.3556, 1203.3544]

I χ̃B, χ̃E , χ̃T , χ̃Ω are equilibrium properties

I For systems with finite static correlation length we can truncate
momentum space correlators at a fixed number of momenta.
⇒ Local Generating Functional in derivative expansion

I Stationary background fields (w.r.t. Killing vector Vµ) with small
spatial variations generate the response needed to measure the
thermodynamic response parameters .
⇒ Classify all O(∂n) scalars sn compatible with

LV (T , µ,uµ,gµν ,Aµ) = 0

These are the non-dissipative thermal response parameters .

I For parity violating (2+1)D hydrodynamics , there are
At O(∂0): T and µ At O(∂1): B and Ω

I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]



Euclidean Generating Functional I [1203.3556, 1203.3544]

I χ̃B, χ̃E , χ̃T , χ̃Ω are equilibrium properties

I For systems with finite static correlation length we can truncate
momentum space correlators at a fixed number of momenta.
⇒ Local Generating Functional in derivative expansion

I Stationary background fields (w.r.t. Killing vector Vµ) with small
spatial variations generate the response needed to measure the
thermodynamic response parameters .
⇒ Classify all O(∂n) scalars sn compatible with

LV (T , µ,uµ,gµν ,Aµ) = 0

These are the non-dissipative thermal response parameters .

I For parity violating (2+1)D hydrodynamics , there are
At O(∂0): T and µ At O(∂1): B and Ω

I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]



Euclidean Generating Functional II
I Generating Functional to O(∂1):

W1 =

∫
d3x
√
−g [P(T , µ) +MB(T , µ)B +MΩ(T , µ)Ω]

I Matching the result to the constitutive relations in Landau frame
reproduces the entropy current results for χ̃B, χ̃E , χ̃T , χ̃Ω .

I The setup seems very general [Minwalla etal 1203.3544] .

I Main Result:

The general (2+1)-dimensional parity violating fluid is
parametrized by two magnetizations,MB andMΩ .
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Strongly Coupled Examples

I Hall Viscosity [Son & Saremi 2011]

S = Sgrav [g, θ]− λ

4

∫
d4x
√
−gθ(r)ελραβRµ

ναβRν
µλρ

Black brane Ansatz ds2 = 2H(r)dvdr − r2f (r)dv2 + r2dxmdxm

ηH = − λ

8πGN

r4f ′(r)θ′(r)

4H2(r)

∣∣∣∣
r=rH

I Anomalous Hall Conductivity [1112.4498]

S = Sgrav −
1

16πGN

∫
d4x
√
−g

F 2

4
− 1

64π2

∫
θ(φ)F ∧ F

A high temperature analytic solution [Yarom 0912.2100] reproduces, via
Fluid-Gravity, the constitutive relations.

⇒ Anomalous Hall Conductivity: σ̃ + χ̃E = θ(φ(rh))
8π2
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Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators

I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?



Conclusions
I Constructed the most general (2+1)D parity violating

charged fluid dynamics in magnetic and vortical
background fields of O(∂1)

I Parameters: Two magnetizationsMB ,MΩ

I Generating functional for Euclidean correlators
I Open Points:

1. How general is the generating functional construction?
Counterexamples?

2. Further constrainingMB,MΩ. It is known thatMB = dP
dB

[Cooper & Halperin & Ruzin cond-mat/9607001] Can we show

MΩ =
dP
dΩ

?

3. Experiments? Move beyond small B,Ω?

THANK YOU!


