
R
O

T
A

T
IN

G
 F

IG
U

R
E

S
 O

F
 

E
Q

U
IL

IB
R

IU
M

N
E

B
 X

V



In
 th

e 
co

nt
ex

t o
f N

ew
to

ni
an

 th
eo

ry
 

of
 G

ra
vi

ta
tio

n
•

T
he

 s
tu

dy
 o

f t
he

 s
ha

pe
 o

f a
 r

ot
at

in
g 

ho
m

og
en

eo
us

 m
as

s 
,w

ith
 u

ni
fo

rm
 v

el
oc

ity
 

ha
s 

be
en

 c
ar

rie
d 

ou
t b

y 
so

m
e 

of
 th

e 
gr

ea
te

st
 s

ci
en

tis
ts

 :
•

I)
 N

ew
to

n 
(P

rin
ci

pi
a,

 B
oo

k 
III

,P
ro

po
si

tio
n 

X
V

III
-X

X
),

 s
m

al
l e

cc
en

tr
ic

ity
. 

•
II)

 M
ac

la
ur

in
 ,t

he
 e

cc
en

tr
ic

ity
 is

 n
ot

 s
m

al
l

M
ac

la
ur

in
 S

ph
er

oi
ds

 (
17

42
)



•
III

) 
Ja

co
bi

, (
18

34
) 

, t
ria

xi
al

 e
lli

ps
oi

ds
 

•
IV

) 
M

ey
er

 a
nd

 L
io

uv
ill

e 
(1

84
2,

18
46

) 
re

la
tio

n 
be

tw
ee

n 
M

ac
la

ur
in

 s
ph

er
oi

ds
 

an
d 

Ja
co

bi
 e

lli
ps

oi
ds

 ,n
o 

fig
ur

es
 o

f e
qu

ili
br

iu
m

 a
re

 p
os

si
bl

e 
w

he
n 

th
e 

an
gu

la
r 

ve
lo

ci
ty

 e
xc

ee
ds

 a
 li

m
it.

•
V

) 
D

iri
ch

le
t, 

D
ed

ek
in

d,
 R

ie
m

an
n 

(1
89

2)
D

iri
ch

le
t (

in
 a

 L
ag

ra
ng

ia
n 

fr
am

ew
or

k)
 a

nd
 D

ed
ek

in
d 

w
or

ki
ng

 o
n

th
e 

pa
pe

r 
of

 
D

iri
ch

le
t d

ef
in

ed
 th

e 
el

lip
so

id
s 

of
 D

iri
ch

le
t. 

R
ie

m
an

n 
ga

ve
 a

 c
om

pl
et

e 
so

lu
tio

n 
fo

r 
th

e 
st

at
io

na
ry

 fi
gu

re
s 

of
 e

qu
ili

br
iu

m
.

V
I)

 P
oi

nc
ar

e(
18

85
),

 C
ar

ta
n 

(1
92

4)
S

ta
bi

lit
y 

of
 e

lli
ps

oi
ds

 fi
gu

re
s 

of
 e

qu
ili

br
iu

m
, (

pe
ar

 s
ha

pe
d

co
nf

ig
ur

at
io

ns
),

 
st

ab
ili

ty
 o

f J
ac

ob
i e

lli
ps

oi
ds

D
et

ai
ls

 a
nd

 th
e 

co
nt

in
ua

tio
n 

of
 th

e 
st

or
y 

in
 :

“E
lli

ps
oi

da
l F

ig
ur

es
 o

f E
qu

ili
br

iu
m

” 
by

 S
 C

ha
nd

ra
se

kh
ar



In
 th

e 
co

nt
ex

t o
f G

en
er

al
 R

el
at

iv
ity

•
P

ro
bl

em
F

in
d 

al
l p

os
si

bl
e 

eq
ui

lib
riu

m
 in

te
rio

r 
co

nf
ig

ur
at

io
ns

, s
at

is
fy

in
g 

E
in

st
ei

n’
s 

eq
ua

tio
ns

, b
ou

nd
ed

 b
y 

a 
su

rf
ac

e 
of

 z
er

o 
hy

dr
os

ta
tic

 p
re

ss
ur

e,
 m

at
ch

ed
 a

cr
os

s 
th

is
 

su
rf

ac
e 

to
 a

 v
ac

uu
m

 s
ol

ut
io

n 
,s

ha
rin

g 
th

e 
sa

m
e 

sy
m

m
et

rie
s:

 s
ta

tio
na

rit
y 

an
d 

ax
ia

l 
sy

m
m

et
ry

. 



•
W

e 
su

pp
os

e 
th

at
 th

e 
sp

ac
e 

ad
m

its
 a

n 
is

om
et

ry
 A

be
lia

n 
gr

ou
p 

in
ve

rt
ib

le
, w

ith
 n

on
 

nu
ll 

su
rf

ac
e 

of
 tr

an
si

tiv
ity

2
2

2
2

2
2

tt
tz

zz
x

x
y

y
ds

g
dt

g
dt

dz
g

dz
g

dx
g

dy
=

+
+

−
−



•
T

he
 c

om
po

ne
nt

s 
of

 th
e 

m
et

ric
 te

ns
or

   
de

pe
nd

 o
nl

y 
on

 x
 a

nd
 y

, t
he

 g
ro

up
  i

s 
ge

ne
ra

te
d 

by
   

 (
tim

e-
lik

e 
K

ill
in

g 
ve

ct
or

, 
im

pl
yi

ng
 th

e 
st

at
io

na
rit

y)
 a

nd
   

   
(s

pa
ce

-
lik

e 
K

ill
in

g 
ve

ct
or

, i
m

pl
yi

ng
 th

e 
ax

ia
l  

sy
m

m
et

ry
)

t∂ ∂

z∂ ∂



S
ym

m
et

ric
 n

ul
l t

et
ra

d 
an

d 
C

ar
te

r’s
 

m
et

ric
 [A

]

2
2

2
2

2
2

2
(

)
(

)
ds

L
dt

M
dz

N
dt

P
dz

S
dx

R
dy

=
+

−
+

−
−

, 
L,

 M
, N

, P
 a

re
 fu

nc
tio

ns
 o

f x
 a

nd
 y

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2

(
)

(
)

(
)

(
)

(
)

(
)

(
)

(
)

(
)

E
y

H
x

x
dx

y
dy

ds
x

y
dt

x
dz

dt
y

dz
x

y
x

y
F

x
G

y




=
+

−
−

+
−

−



+

+






K
er

r 
an

d 
W

ha
lq

ui
st

  m
et

ric
s

2
2

2
(

)
(

)
G

y
y

E
y

=
2

2
2

(
)

(
)

F
x

x
H

x
=

2
2

1
(

)
2

E
y

by
dy

p
=

+
+

2
2

1
(

)
2

H
x

bx
cx

p
=

−
+

+

2
b

=
2

d
m

=
−

0
c

=
2

p
a

=

y
r

=
co

s
x

a
θ

=



W
ha

lq
ui

st
 m

et
ric

e+
3p

=
co

ns
ta

nt

2
4

2
4

2
0

2

(
)

(
)

(
)

G
y

W
y

k
y

k
y

k
E

y
=

=
+

−

2
4

2
4

2
0

2

(
)

(
)

(
)

F
x

Z
x

k
x

k
x

k
H

x
=

=
−

+
+



S
ur

fa
ce

s 
of

 r
ev

ol
ut

io
n

•
W

e 
co

ns
id

er
  t

hr
ee

 d
im

en
si

on
al

 E
uc

lid
ea

n 
sp

ac
e 

fo
lia

te
d 

w
ith

  s
ur

fa
ce

s 
of

 r
ev

ol
ut

io
n 

w
ith

  
ce

nt
re

 O
 a

nd
 c

om
m

on
 a

xi
s 

of
 r

ot
at

io
n 

L.
 E

ac
h 

su
rf

ac
e 

is
 o

bt
ai

ne
d 

by
 r

ev
ol

vi
ng

 a
 p

la
ne

 c
ur

ve
 C

 
ab

ou
t t

he
 a

xi
s 

of
 r

ot
at

io
n 

L,
 th

is
 a

xi
s 

co
in

ci
de

s 
w

ith
 th

e 
ax

is
 o

f r
ot

at
io

n 
of

 th
e 

flu
id

 c
on

fig
ur

at
io

n.
 

In
 a

 C
ar

te
si

an
 c

oo
rd

in
at

e 
sy

st
em

 ,t
he

 c
ur

ve
 C

 
lie

s 
in

 th
e 

pl
an

e 
 a

nd
 is

 th
e 

ax
is

 o
f r

ev
ol

ut
io

n.
 In

 
th

is
 c

oo
rd

in
at

e 
sy

st
em

, a
 p

ar
am

et
ric

 
re

pr
es

en
ta

tio
n 

of
 th

e 
cu

rv
e 

C
 is

 d
ef

in
ed

 a
s 

fo
llo

w
s:



P
ar

am
et

ric
 r

ep
re

se
nt

at
io

n 
of

 a
 

su
rf

ac
e 

of
 r

ev
ol

ut
io

n

1
1
(

)c
os

x
h

t
=

Φ
2

1
(

)s
in

x
h

t
=

Φ
3

2
(

)
x

h
t

=

1
1

2
2

3
(

,
)c

os
(

),
(

,
)s

in
(

),
co

s(
)

x
h

r
x

h
r

x
r

θ
θ

θ
=

Φ
=

Φ
=

2
2

2
2

2
2

2
2

2
2

3
1

1
1

(
co

s(
)

)
(

si
n(

)
)

r
ds

h
dr

h
r

d
h

d
θ

θ
θ

θ
=

+
+

+
+

Φ
+

1
1

2(
si

n(
)c

os
(

))
r

h
h

r
dr

d
θ

θ
θ

θ
+

−

1
1

h
h

θ
ϑ ϑθ

=



E
uc

lid
ea

n 
an

d 
R

ie
m

an
ni

an
 m

et
ric

s

2
2

2
2

2
2

2
2

2
2

2
1

3
1

1
2

[
co

s(
)

]
[

si
n(

)
]

(
,

)
r

a
h

ds
dr

h
r

d
h

d
f

r
θ

θ
θ

θ
θ

+
=

+
+

+
Φ

(
,

)
1

f
r

θ
=

E
uc

li
de

an

y
r

=
co

s(
)

x
a

θ
=

2
2

2
1

2
2

2
2

2
2

2
2

3
1

1
2

2

[
]

[
]

(
,

)
y

x

a
h

x
ds

dy
a

h
y

dx
h

d
a

f
x

y

+
=

+
+

+
Φ



Q
uo

tie
nt

 s
pa

ce
 o

f t
he

 c
om

ov
in

g 
ob

se
rv

er
s

i
i

u
u

xϑ ϑ
=

1
i

iu
u

=

2
2

2
1

2
2

2
2

2
2

2
2

3
1

1
2

2

[
]

[
]

(
,

)
y

x

a
h

x
ds

dy
a

h
y

dx
h

d
a

f
x

y

+
=

+
+

+
Φ

i
j

i
j

ij
i

j
g

dx
dx

u
u

dx
dx

=
−

(
,

)
(

,
)

U
x

y
V

x
y

t
z

ϑ
ϑ

ϑ
ϑ

=
+

2
2

2
2

2
2

1
2

2
2

1
1

2
2

2

[
]

[
]

,
,

[
]

y
x

yy
xx

t
tt

a
h

x
a

h
y

g
g

V
g

g
g

h
a

f
a

ϕ
ϕϕ

+
+

=
=

−
=

U
dt

d
d

V
ϕ

−
=

Φ

az
ϕ

=



C
ar

te
r’s

 fa
m

ily
 [A

]

2
2

2
2

1
2

2
2

2
2

[
]

(
)

y
a

h
x

y
x

y
a

f
G

+
=

+

2
2

2
2

2
2

1
2

2

[
]

(
)

x
a

h
y

x
x

y
a

F

+
=

+

2
2

2
2

2 1
V

E
H

a
h

=
2

1
1

0
y

x
a

h
h

xy
+

=

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2
2

2

(
)

(
)

(
)

(
)

(
)

(
)

(
)

(
)

(
)

E
y

H
x

x
dx

y
dy

ds
x

y
dt

x
dz

dt
y

dz
x

y
x

y
F

x
G

y




=
+

−
−

+
−

−



+

+






T
he

 s
ur

fa
ce

 o
f r

ev
ol

ut
io

n 
is

 
co

m
pl

et
el

y 
de

fin
ed

1
1

h
a

V
e

E
H

=
1

1
e

=
±

1
2

2
2

2
2

2
2

2
2

2
2

2
1

1
2

1
2

2

1
(

)
{

[(
)(

)
(

)
]}

x
E

y
H

U
e

h
e

x
y

E
H

h
x

y
E

H
E

H+
=

+
+

−
+

+
−

2
1

e
=

±

1
1

2
2

2
2

2
2

1

1
(

)
(

)
h

a
x

a
y

g
a

=
−

+
+

2
2

2
2

(
)

F
x

a
x

=
−

2
2

2
2

2
(

)
G

y
a

y
f

=
+



T
w

o 
po

ss
ib

le
 c

as
es

(
)I

0
g

=
2

2
2

3
1

2
2

2
2

1
x

x
x

a
r

r

+
+

=
+

(
)

II

0
g

≠
to

ri
i

of
re

vo
lu

ti
on

2
2

3
1 2

2
2

(
)

1
x

x
g

a
r

r

−
+

=
+

K
ra

si
ns

ki
19

78



P
er

fe
ct

 fl
ui

d 
w

ith
 h

ea
t f

lu
x

(
)

ij
i

j
ij

i
j

j
i

T
e

p
u

u
pg

q
u

q
u

=
+

−
+

+

3
2

2
2

2
2

2
3

2
2

3
2

2
2

2
(

)
(

)
2

(5
)

(
)

y
y

y
y

x
y

x
y

W
E

x
y

x
y

x
W

x
y

x
y

W
E







+
+

+
−

+
+

+
+







3
3

2
8

(
)

x
y

W
Z

E
+

+
−

3
2

2
2

2
2

2
3

2
2

3
2

2
2

2
(

)
(

)
2

(5
)

(
)

x
x

x
x

xy
x

y
Z

H
x

y
y

x
y

Z
xy

x
y

Z
H







−
+

−
+

−
+

+
+

−







3
3

2
8

(
)

0
x

y
W

Z
H

−
+

=
(

)

(
)

G
y

W
E

y
=

(
)

(
)

F
x

Z
H

x
=



S
ol

ut
io

n

2
4

2
4

2
0

W
kE

k
y

k
y

k
=

+
+

+

2
4

2
4

2
0

Z
kH

l
x

l
x

l
=

+
+

+

2
2

2
2

2
0

2

(
)

a
a

x
H

k
a

k

−
=

−


