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1. Why supersymmetry? 



Supersymmetry has many blessings:  

Only nontrivial way to combine Poincaré and 
    internal symmetries 

Natural unification of fermions and bosons as    
    parts of the same reality 

Fewer arbitrary constants 

Positivity of energy, stability 
of ground states (BPS states) 

€ 

H = {Q†,Q}



Practical advantages:
Cancellation of infinities; Renormalizability;           

    Hierarchy; Convergence of coupling constants... 
Spacetime + internal symmetry  natural  

    extension of gravity: Supergravity 
Superstrings
Dark matter candidate 
SUSY Standard model(s) 
Every known particle has a superpartner 



Unfortunately, it has never been observed... 



Is SUSY a natural idea

Building 
blocks of 

matter 

Interaction 
carriers 



Bosons and fermions play very different roles 
in particle physics (Standard Model): 

Building blocks of matter���
Interaction carriers  



 e±, µ±, ν, ν, q, q, ...         [Matter]  –    –   

•  Carry conserved charges (electric, lepton, baryon)	


•  Conserved currents: sources of interactions	


•  Spin ½ (ir-rep. of Lorentz group)	


•  Zero-form sections in the fiber bundle	


•  Vectors under gauge transformations  	


•  Scalars under general coordinate transformations	


•  First order field equations	



€ 

ψα
a

€ 

ψ 'α (x) = g−1(x)ψα (x)
Under gauge transformations:  



 γ, Z, W±, gluon, graviton      [Interactions] 

•  Manifestations of local (gauge) symmetry	


•  Not necessarily conserved	


•  Spin 1 (ir-rep. of Lorentz group)	


•  Connections under gauge transformations 	


•  Lie-algebra valued 1-forms in the fiber bundle	


•  Covariant vectors under GCT	


•  Second order field equations	



 Under gauge transformations: 

€ 

A' (x) = g−1(x)[A(x) + d]g(x),  A = Aµdx
µ€ 

A  b µ
a



Can such different objects be part of a single entity? € 

ψ 'α (x) = g−1(x)ψα (x)

€ 

A'µ (x) = g−1(x)(A µ (x)+∂µ )g(x)



Under supersymmetry, fields transform as vectors: 

€ 

B'
F '
⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ =Q

B
F
⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ =

sBB sBF
sFB sFF

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 
B
F
⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ 

Since the supersymmetric charge is conserved, 

the masses come in degenerate pairs:  

(a conspicuously absent signal so far). € 

H ,Q[ ] = 0,

€ 

mB = mF

Standard (rigid/global) SUSY	





Supersymmetry trick: For each field include another of the  
opposite statistics: “MSSSM” 
  quark   squark   photon      photino,    

 electron  selectron   gluon        gluino, 
 neutrino  sneutrino          graviton    gravitino,... 

Should this duplication be called a unification? 
Is this all really necessary? 

“If the Lord had consulted my opinion, I would have 
suggested  something considerably simpler...” 

                Alfonso X the Wise, commenting on Ptolemaeus’ cosmology. (ca.1270) 



“There are two ways of doing calculations in theoretical 
physics. One way, is to have a clear physical picture of 
the process that you are calculating. The other way is to 
have a precise and self-consistent mathematical 
formalism. You have neither.”  

Fermi on Dyson’s model of strong interactions (1953) 



Can one do better? 

  Combine fermions and bosons respecting their 
     different mathematical roles in a gauge theory:  

= connections = sections 

  Allow for different masses in the same multiplet 

  Implement SUSY as a true gauge symmetry (local) 

Let’s try. 



2. Idea: Combine fermions and bosons in a 
different way  



Curious coincidence	



                                Dirac          3D Chern-Simons	



€ 

ψ ∂ψ            AdA

There must be a way to combine a connection Aμ and a 
Dirac  spinor  ψα  as  components  of  a  single 
connection     , respecting their transformation rules in 
the gauge group.	


Ansatz:	



  

€ 

A

  

€ 

A ~ AK + Q ψ +ψ Q + ⋅ ⋅ ⋅,

U(1) generator Susy generators 



SUSY transformations should mix A and ψ. Let’s look 
for the simplest algebra containing a U(1) generator (K) 
and two spinor charges (Susy generators Qα, Qα).	



The smallest semi-simple algebra of this type requires also 
3 rotation generators Ja, in order to close the algebra. The 
resulting super algebra is: 
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€ 

Ja ,Qα[ ] = − 1
2 (γ a )  β

α Qβ ,   Ja ,Q α[ ] = 1
2 Q β (γ a )  α

β

Ja , Jb[ ] = −εab
    cJc ,           K, Ja[ ] = 0

Qα , Q β{ } = Ja(γ a )  β
α − i 1

2 δ β
α K , 

Qα , Qβ{ } = Q α , Q β{ } = 0,

 K, Qα[ ] = iQα ,   K, Q β[ ] = −iQ β

With this graded algebra, one can define a gauge connection: 

where 

  

€ 

A = AK + Q Γψ +ψ ΓQ + 1
2ω

aJa ,

€ 

A = Aµdx
µ ,  ωµ

adxµ ,  Γ = γ ae µ
a dxµ .

€ 

osp(2 | 2)

The (anti-) commutator algebra is 

Vielbein: projects Clifford algebra 
onto the background manifold 



3. Action 



Given a connection    for some gauge group, the Chern 
Simons form defines a gauge invariant action, 

where the bracket is the super trace in the algebra. 
    

€ 

L = 1
2 AdA + 2

3 AAA

  

€ 

A

    

€ 

L = AdA + 1
2 [ωa

bdωb
a + 2

3ω
a

bωb
cωc

a ]
      − 2ψ (

 
/ ∂ + i / A − 1

4 γ a / ω abγ b )ψ | e | d 3x
      −ψ ψ eaTa

  = LU (1)
CS + LGravity

CS + LDirac + [torsional coupling]
  new term 



The field equations are: 

•  Standard equations for CS electrodynamics, gravity &    
   spin ½ in 2+1 dimensions.  

€ 

δA  :             F = i
2 εabcψ γ aψebec                      (1)

                   (Fµν = εµνλ jλ ) 

€ 

δωab :             Rab = −2ψ ψeaeb                         (2)

€ 

δψ :          [ / ∂ + i / A - 1
4 γ

a / ω abγ
b + µ]ψ = 0             (3)

  

€ 

δea :      ψ εabcγ
c[
 
d eb − eb

 
d + 2iAeb ]ψ = 2ψ ψTa      (4)

•  Covariantly const. torsion: 

€ 

Rab ~ eaeb ⇒ DT a = 0
•  ψ gets “mass” from torsion: 

€ 

µ(x) ~ eaTa 



4. What does this describe?  



1. Vacuum (matter-free) solutions: 

      

€ 

(1)       F = i
2 εabcψ γ aψeaeb

€ 

(2)       Rab = −2ψ ψeaeb

€ 

(3)       [ / ∂ + i / A - 1
4 γ

a / ω abγ
b + µ]ψ = 0

€ 

ψ = 0

•   No electromagnetic field  
•   Flat spacetime  

€ 

ψ = 0⇒   

  

€ 

(4)      ψ ε  bc
a γ c[

 
d eb − eb

 
d + 2iAeb ]ψ = 2 eψ ψT a

✔ 

✔ € 

= 0

€ 

= 0



... not quite : 

      

\ 

€ 

(2)    Rab = −2ψ ψeaeb 

      If               ,        is not the Riemann tensor  
                                       flat spacetime:  

€ 

Rab

€ 

∴Rab = 0⇒

€ 

T a ≠ 0

€ 

(1)     F = 0  ⇒ A = dΩ (Not necessarily trivial) 

€ 

 ⇒ DT a = 0

€ 

⇒ T a = µεabcebec ,
  eaT

a = 6µ e d 3x,   µ = const. Fermion mass 

€ 

 ωab = ω ab +κ ab

 Rab = R ab + D κ ab +κ   c
a κ cbTorsion-free part 

Contorsion 

Torsion-free (Riemann tensor) 



 Here 

€ 

DT a = 0

€ 

⇒κ ab = −µεabcec

€ 

⇒ R ab = −µ2eaeb (≠ 0)
€ 

⇒ T a = µεabcebec (≠ 0)

•    Spacetime is AdS3, constant T and massive fermion 

•  This spacetime has nontrivial solutions (black holes  
   of mass M, ang. momentum J, magnetic charge q.) 

€ 

Λ = −µ 2 = −l−2 (Integration const.) 

•   BPS states: 
 4 Killing spinors if M =-1, J = q =0 (AdS) 
 2 Killing spinors if M = J = q =0    (0 mass BH) 
 1 Killing spinors if M = J =N q ≠0 (extremal BH)     



2. Perturbative matter (small          ) 

 To first order, the equations for A,       and      
 do not change. 

3. Flat background (                   ) 
The dreibein is determined by the fermionic field:  

€ 

ωab

€ 

ψ ≠ 0

€ 

ea

€ 

ωab = 0 = A

€ 

[Ea
µγ a∂µ +µ]ψ = 0

  

€ 

2ψ ψ dea = ψ ε  bc
a γ c[

 
d eb − eb

 
d ]ψ



5. Where is the gravitino? 



 Under an infinitesimal                  transformation,                         

 where                                           , the connection   
 changes by                                   . 

€ 

g ≈ 1+Λ,

    

€ 

δΛA = dΛ +[A,Λ] 

€ 

 Λ = αK,+ε Q + Q ε +λaJa

The resulting action is invariant under local 
   U(1)   A        electromagnetism 
   SO(2,1)            gravity 

      “electron” 

Under U(1) and SO(2,1)  all fields behave as they 
should, and under supersymmetry... € 

OSp(2 | 2)

€ 

ωab

€ 

OSp(2 | 2)



       SUSY : 

€ 

     Λ = ε (x)Q−Q ε(x)
δA = − i

2 (ε γ aψ +ψ γ aε)ea

δψ = 1
3 γ

µ (∂µ - iAµ + 1
2 ω

a
µγ a )ε

δωa = (ψ ε +ε ψ)ea −  εa
bceb(ψ γ cε −ε γ cψ)

δea = 0

* The metric is a composite (                          ) –not    
 a fundamental field-, associated with the torsion- 
 free part of the connection:         

* SUSY-invariant metric  No gravitini € 

gµν = ηabe
a

µebν

€ 

ω abµ = eaλ (∂µE
λ
b +Γµν

λ Eν
b )

Metric is SUSY-invariant  



The connection is 

     Under SUSY,                         

     Here                                                    and therefore, 

                                                         . 

  

€ 

A = (AµK + Q γµψ +ψ γµQ + 1
2ω

a
µ Ja )dxµ

€ 

             δ(γµψ) = ∇µε.

 δea = 0 ⇒δγµ = δ(eaµγ a ) = 0
γµδψ = ∇µε ⇒ δψ = 1

3 / ∇ ε

In this way, the spin 3/2 part of        is projected out:  

   
€ 

 δψ

€ 

(δν
µ − 1

3 γνγ
µ )∇µε = 0.

~‘gravitino’ 

Is this consistent? 



     This condition is consistent because the projector 

      is susy-invariant.

In general,                                     kills the spin 3/2  

    piece in D dimensions: consistent truncation. 

This trick can also be played in higher D... 

    CS recipe works in higher odd dimensions, e.g., 

     etc. 

€ 

Pν
µ = (δν

µ − 1
3 γνγ

µ )

€ 

 Pµ
ν = δµ

ν − 1
D γµγ

ν( )

    

€ 

L5 ~ 1
3 AdAdA + 1

2 A3dA + 1
5 A5



6. Summary 



Different paths (representations) lead to SUSY:  

i) Standard approach: 
★ Fermions and bosons form multiplets of equal  
    mass in a vector representation or global SUSY. 

★ Local (gauge) supersymmetry (SUGRA), brings    
    in a S=3/2 gravitino. 

★ Realistic model building requires SUSY  
    breaking mechanisms. 



ii)Alternative approach: 

★   SUSY extension of a standard gauge symmetry,  
      with all fields as parts of a connection 

★   (matter) = sections 
(interactions) = connections 

★   Fermion and bosons are not SUSY partners 

★   Local SUSY includes gravity, without gravitini 

★   Bosons remain massless, while Fermions can be 
      massive, (brought to you by Torsion) 

in a standard 
gauge bundle 



 Lessons: 

  Gravity is brought in by fermions:  

 Charged fermions + local SUSY   

    Gravitation 

  No need for fundamental s=3/2 fields 

                                         ~ “gravitini” 

€ 

 χµ
α = eµ

a γ a( )
β

α
ψβ

  No need for fundamental metric field 

     ~ “graviton” 

€ 

 gµν = eµ
aηabeν

b

 no fermions?          no metric required. 



 More lessons: 

  No matching necessary or implied between bosons 

    and fermions  (no duplications) 

  No mass degeneracy 

  Fermion mass comes from coupling to torsion 

  Fermion mass is related to cosmological constant 

    and they are integration constants, not fundamental 

   parameters in the action.  

€ 

Λ = −µ 2



 Next ... 

  Applications to condensed matter physics? 

  Non-relativistic limit 

  Higher dimensions 

  Other gauge groups 

  etc...  

Ευχαριστω! 


